Abstract-Physical human-robot interaction is fundamental to exploiting the capabilities of robots in tasks and environments where robots have limited cognition or comprehension and is virtually ubiquitous for robotic manipulation in highly unstructured environments, as are found in surgery. A critical aspect of physical human-robot interaction in these cases is controlling the robot so that the individual human and robot competencies are maximized, while guaranteeing user, task, and environment safety. Dissipative control precludes dangerous forcing of a shared tool by the robot, ensuring safety; however, it typically suffers from poor control fidelity, resulting in reduced task accuracy. In this study, a novel, rigorously formalized, n-dimensional dissipative control strategy is proposed that employs a new technique called "energy redirection" to generate control forces with increased fidelity while remaining dissipative and safe. Experimental validation of the method, for complete pose control, shows that it achieves a 90% reduction in task error compared with the current state of the art in dissipative control for the tested applications. The findings clearly demonstrate that the method significantly increases the fidelity and efficacy of dissipative control during physical human-robot interaction. This advancement expands the number of tasks and environments into which safe physical human-robot interaction can be employed effectively.
energetically dissipative. This means that the robot does not generate any energy within the interaction and only stores a bounded amount of energy supplied to it by the user [4] , [5] . The dissipative robot will not start moving without initiation from the user, will not make sudden discontinuous jumps during movement, and will come to a halt once the user stops interacting with it. Due to the requirement for external energy input, a dissipative robot typically has reduced fidelity and less control over its pose than a conventional "active" robot; however, there are many occasions in which it is favorable to ensure smooth, regulated, and safe movements in the presence of potentially error-prone robot perception.
Dissipative control in physical human-robot interaction is particularly advantageous for active constraints/virtual fixtures [6] , [7] in robot-assisted surgery. In this method, a robot regulates the motion of cooperatively controlled surgical instruments to improve outcomes in procedures such as sinus [8] and knee replacement [9] surgery. In the most commercially successful surgical robots, for example, the da Vinci surgical system (Intuitive Surgical Inc.) and RIO (Mako Surgical Corp.), ultimate control of the procedure resides with the surgeon. These systems operate as "intelligent tools" [10] , assisting with features such as haptic guidance or motion scaling. They are not required or wanted to make procedural decisions of their own, matching dissipative control's attributes.
B. Related Work
Safety during physical human-robot interaction has been widely researched [11] . Collision characteristics have been improved by reducing manipulator dynamic masses [12] , incorporating series elastic actuators [13] , and using impedance or force control [14] . The general limitation of these approaches is that they are primarily concerned with the safety of the human operator, stopping a robot before it applies harmful levels of force to users. In this study, preventing small erroneous forces and motions that can have a severe impact on task performance is an important consideration. Ensuring a robot is dissipative guarantees both task and user safety.
Several robots for physical human-robot interaction have been developed with custom dissipative mechanisms. Collaborative robot (COBOT) controls gear ratios in continuously variable transmissions to restrict end-effector motion [2] , passive arm with dynamic constraints (PADyC) achieves a similar effect with contra-rotating freewheels and clutches [15] , as does the passive trajectory enhancing robot (P-TER) with clutches and brakes [16] . In addition to requiring custom hardware, controlling all degrees of freedom can be impossible in such systems or requires the use of complicated and cumbersome mechanisms.
To overcome these issues, it is possible to control conventional, motor based, robots to exhibit similar energetic characteristics.
Dissipative control of a conventional robot has been implemented with an anisotropic friction model in "non-energystoring virtual fixtures" [17] . They apply a frictional resistance when moving in a restricted direction, and little or no resistance when moving in a permitted direction. This method was shown to be effective at guiding the user; however, the fidelity of the haptic information which can be communicated by a pure friction model of this form is limited. The primary issue is that, as shown in Fig. 1(a) and (b), friction only generates forces antiparallel to a component of motion. The resulting lack of haptic communication can reduce the controller's effectiveness and, subsequently, the task's accuracy.
There are many other techniques for augmenting performance during physical human-robot interaction, typically under the name virtual fixtures or active constraints. However, the majority of methods involve some degree of energetic activity, such as viscoelastic control [18] , potential fields [19] , and joint optimization [8] . The only notable exceptions are non-energystoring continuous impulsive forces [20] , although they require reinforcement with an active controller to achieve good steadystate performance and "reference direction fixtures" [21] , the inspiration for the energy redirection concept, which requires admittance controlled robots. Neither of which considers the link between translation and rotation.
C. Research Contributions
In this paper, a novel dissipative controller for physical human-robot interaction is described and validated. This controller addresses the central challenge of reduced fidelity in dissipative control to provide increased efficacy in robotic assistance, expanding the number of tasks and environments in which the uniquely safe form of control is able to provide significant benefit, both extending existing applications and enabling new ones. The advancement to dissipative control is provided by employing a novel unified consideration of energy during multidimensional human-robot interaction and a technique termed "energy redirection." Energy redirection allows the controller to take energy from the user in one dimension and reintroduce it in another by applying friction at an oblique angle to the direction in which force is required. This concept is illustrated in Fig. 1(c) and (d) .
In preliminary studies [22] , [23] , energy redirection was posited by the authors and explored in simplified manipulation tasks, under the name "dynamic frictional constraints." In [22] , the concept was found to be effective in dynamic position guidance, although not as much as an (energetically active) proportional-derivative controller. In [23] , the mathematical formulation for the controller was consolidated, proven to be dissipative and extended to operate in position and orientation. However, the initial research only considered energy redirection between isotropic dimensions (i.e., with single units for displacement). In this study, in addition to thorough theoretical and experimental analyses, the complete unified dissipative controller is presented that can simultaneously control tasks in any anisotropic dimensions (i.e., with different units for dis- Aligning the friction direction with the desired motion/force direction will not generate assistive forces due to their orthogonality. (c) This can be overcome by setting the friction direction oblique to the desired direction of force. (d) The oblique angle of the friction allows the users' energy applied in the direction of motion to be redirected by the controller and applied in the direction in which an assistive force is required. placement), as are found in almost all practical manipulation tasks. This crucial final element of the controller makes it more efficient with the energy provided by the user. The complete consideration of energy allows a controller to generate much more haptic information than would otherwise be possible, thus providing greater user assistance while remaining dissipative. In addition, this paper also contains the first published experimental investigation into the effectiveness of haptic assistance (active constraints/virtual fixtures) in dynamic soft-tissue dissection tasks. Applying the dissipative controller to protect soft tissue structures in a surgical simulation, extensive experimentation [24] . The object's total displacement x(t) is the sum of the plastic w(t) (i.e., permanent) and elastic z(t) (i.e., reversible) components.
quantifies the benefit that such augmentation can provide over unassisted surgery.
II. DISSIPATIVE CONTROL IN n-DIMENSIONS
In Section II-A, the elastoplastic friction model is revised from [23] , and in Section II-B, the energy redirection method and n-dimensional dissipative formulation are presented.
A. Elastoplastic Friction in n-Dimensions

1) Elastoplastic Friction Model:
Friction is a naturally dissipative mechanic, as its forces always resist motion. Although there are a range of ways to model friction, the "elastoplastic friction model" [24] is widely used. The formulation is similar to the well-established Dahl [25] and LuGre [26] models; however, it prevents "nonphysical drift" by including a purely elastic presliding component.
In the elastoplastic friction model (see Fig. 2 ), an object's displacement x(t) is comprised of a permanent, plastic component w(t), and a reversible elastic component z(t). The elastic displacement represents the physical phenomenon of presliding, considered in the LuGre model as deflections in microscopic bristles between the contacting surfaces. The elastic presliding displacement is the model's internal state variable, from which the friction force f f (t) is computed [24] as
where σ 0 , σ 1 , and σ 2 are the stiffness, tangential compliance damping, and viscous friction coefficients, respectively. From an initial value, the elastic presliding state variable, z(t), changes as defined in the following equation, from [24] :
where α defines the displacement type (elastic: α = 0, plastic: α = 1 or mixed: 0 < α < 1) and z ss is the steady-state elastic displacement (i.e., the maximum magnitude of z). A discretization of the elastoplastic friction model is described in [27] , which uses the Euler method to discretize (2) and formulate it into two saturation operations that can be implemented computationally. It was shown in [23] that, to represent Coulomb friction, the discrete elastoplastic friction model can be simplified into a single expression as
where z k ∈ R is the elastic presliding displacement at time step k, z c ∈ R is the candidate z k value assuming a purely elastic displacement, and z css ∈ R is the Coulomb friction steady-state elastic displacement value
where z k −1 ∈ R is the elastic presliding displacement at the previous time step, x k ∈ R is the object's displacement at time step k, and f C ∈ R is the Coulomb friction force. In (3), the elastic displacement is computed by first calculating the purely elastic candidate displacement, z c , then clamping it between ±z css , i.e., by applying the following projection operation to z c into C ep :
where C ep ⊂ R is the set of real displacements with absolute values less than the Coulomb friction steady-state elastic displacement
The computation of the elastic displacement is presented as a projection of the candidate elastic displacement into a subset of the Cartesian space, as this concept is fundamental to the dissipative controller presented below.
2) n-Dimensional Formulation: With n-dimensional vectors, the expression for computing the friction force within the simplified elastoplastic friction model becomes
where f f ,k ∈ R n is the friction force/torque at time step k, z k ∈ R n is the elastic presliding displacement at time k, x k ∈ R n is the total displacement at time step k, and Σ 0 , Σ 1 , Σ 2 ∈ R n ×n are the three diagonal gain matrices defined as
where the elements of the diagonals correspond to the values for friction coefficients σ 0 , σ 1 , σ 2 in each of the n dimensions.
To apply elastoplastic friction in n-dimensional space, the equivalent to the 1-D projection of the candidate elastic displacement in (6) is a projection of the candidate elastic displacement into an (n−1)-ellipse. Formally, it is calculated from
where z c ∈ R n is the candidate for z k , assuming a purely elastic displacement, at time k, and C epn ⊂ R n is the set of displacements with magnitudes less than the Coulomb friction steady-state elastic displacement
where Z css (·) : R n → R is a function that computes the Coulomb friction steady-state displacement in the given direction, equivalent to (5), as
where F c (·) : R n → R is a hardware/application specific function which computes the Coulomb friction force in a given direction and Σ 0 (·) : R n → R is a function which computes the friction stiffness in a given direction, as
The reason for projecting the candidate elastic displacement into an (n−1)-ellipse with variable radius Z css (·), rather than an (n−1)-sphere with constant radius z css , is that there is often dimensional anisotropy within the robotic hardware and the desired friction properties, i.e., the required Coulomb friction force F c (·) and the required frictional stiffness Σ 0 (·) are different in different dimensions. If these values change between dimensions, then the steady-state Coulomb friction displacement also changes between dimensions. In practice, F c (·) and Σ 0 (·) are dependent on the robotic hardware's manipulability ellipsoid [28] , or a simplification of it.
Unlike in the simple scalar case, in the generalized case, displacements are not necessarily linear (for example, if one component of the displacement is a rotation). To account for this, the candidate elastic displacement vector, z k , is defined as
where z k −1 ∈ R n is the elastic presliding displacement at the previous time step, x k ∈ R n is the object's displacement at time step k, and ⊕ is an abstract addition operator symbolizing the vector addition necessary for the displacement types.
B. Energy Redirection via Conical Projections 1) Energy Redirection Concept:
Implementing the friction model above as an impedance controller on a robot, with necessary dynamic compensation for the robot itself, generates forces at the end effector that discretely approximate Coulomb friction. The model's forces oppose motion in any direction, translation, or rotation. To control a robot's pose using a dissipative impedance controller such as this, it is necessary to increase the anisotropy in the Coulomb friction such that it "encourages" user motion toward the desired pose and "discourages" user motion away from the desired pose.
Previously, Kikuuwe et al. used friction to discourage motion away from a robot's desired pose by enforcing friction along the desired direction of motion [17] . This is approximately equivalent to the illustration in Fig. 1(b) . This prevented the user from moving away from the desired pose; however, it was not able to encourage the user to move towards to the desired pose. In [22] , the proposed solution to this issue was to vary the friction Fig. 3 . Illustration of the conical projection concept for energy redirection. The redirection cone with apex angle θ is aligned with the direction of the desired motion and the candidate elastic displacement is projected onto it to form the elastic displacement used in the friction model. direction based on the direction of motion. When the robot was moving directly away from the desired pose, the friction model would be aligned in the same way as [17] , resisting further motion. When the robot was moving directly toward the desired pose, the friction model would allow the user to move freely. The novelty of this approach was when the user was moving orthogonally to the desired direction of motion. In this case, the friction model was applied obliquely to the desired direction of motion, as illustrated in Fig. 1 (c), generating frictional forces that control the robot toward the desired pose.
In [23] , the oblique frictional forces were formulated in terms of the energy transferred between the robot and user. As illustrated in Fig. 1(d) , the oblique friction takes energy from the user in the orthogonal direction of motion and reapplies it to the user to control the pose, while remaining dissipative. The method proposed for enforcing oblique friction using the elastoplastic model was projecting the candidate elastic displacement vector into a cone (generating friction forces in only certain directions of movement) rather than an ellipse (generating friction forces in all directions of movement).
By aligning the redirection cone with the direction of desired motion (see Fig. 3 ), the projection ensures that the elastic displacement within the friction model and therefore also the quasi-static friction force are approximately in that direction. Varying the angle θ balances the energy transferred between dimensions and controls the controller's forcefulness. Smaller angles redirect less energy and control the pose less strongly; however, larger angles can inhibit orthogonal motion.
This conical projection transfers energy between dimensions such that, even if the user moves orthogonally to the desired direction of force, a control force is generated. When the user moves orthogonally to the desired direction of force, the projected elastic displacement migrates along the edge of the cone, generating a friction force in that direction. The projection operation takes user provided energy in the horizontal direction and stores some of this energy in the vertical component of the elastic displacement, thus allowing it to transfer energy back to the user in a different dimension.
The use of conical projections of the elastic displacement within the elastoplastic friction model was proposed and validated for translation and rotation control, independently of one another, in [23] . The challenge with the given friction formation and control approach is when the dimensions have different units for displacements (i.e., meters, radians, etc.) or different implementable stiffnesses (i.e., values for σ 0 ). This anisotropy means that, if the projection of the candidate elastic displacement z c is performed as shown in (12) , then it could increase the potential energy within the system, violating the dissipative control requirement. To understand this behavior, the potential energy function P (·) : R n → R is introduced, which computes the total elastic potential energy stored within the elastic displacement of the friction model
where a ∈ R n is an arbitrary multidimensional elastic displacement vector.
Projecting the candidate elastic displacement vector into either an ellipse or a cone will not increase the magnitude of the elastic displacement vector (i.e. z k ≤ z c ); however, if there is dimensional anisotropy in the stiffness values σ 0 , then the potential energy in the elastic displacement may increase as
It was for this reason that the 6-D formulation presented in [23] considered translation and rotation independently of one another. In the following sections, it is explained how the projection operation can be generalized to operate simultaneously in arbitrary anisotropic dimensions.
2) Combining Anisotropic Dimensions:
The solution to dimensional anisotropy during the conical projection is to represent elastic displacements z k and candidate elastic displacements z c in terms of the elastic potential energies stored within their representative springs. By projecting potential energy, instead of displacement, the dimensions become isotropic and it is guaranteed that the potential energy stored will not increase, and the system will remain dissipative.
To apply projections to potential energies, rather than spring displacements, it is necessary to map the vectors into the "potential energy space." The potential energy mapping M :
such thatã
where i = [1, n], a i ∈ R is the ith element of the input vector a ∈ R n ,ã i ∈ R is the ith element of the output vectorã ∈ R n , and Σ 0,i ∈ R is the ith element along the diagonal of the stiffness matrix Σ 0 . The inverse of the potential energy mapping
such that
Once the potential energy mapping has been applied to an elastic displacement vector, the ith element within the output vector represents the square root of the elastic potential energy stored in the ith dimension of R n .
3) Conical Projections in the Potential Energy Space:
To apply the controller at each time step, the candidate elastic displacement and desired motion direction must be mapped into the potential energy space. Here, the energy redirecting conical projection is applied, before the resulting elastic displacement is mapped back into Cartesian space and used in the friction model in (8) .
Similarly to the n-ellipse projection for generating elastoplastic friction in all directions in (12), the conical projection for applying dissipative control within the potential energy space is defined asz
n is the closed conical set aligned with the desired direction of forcep k , defined asC
where
n → R is a function which computes the Coulomb friction steady-state displacement in the given direction of the potential energy space, defined as
As the change in z k at each time step is small, the conical projection described in the two previous equations can be approximated using the following closed-form expression:
n is a unit vector defining the edge of the coneC k on the hyperplane throughz c andp k , andỹ c ∈ R is the scalar projection ofz c ontoŷ, clamped between 0 andZ css (ŷ), as
In the Appendix, it is proven that this discrete control formulation conforms to the formal definition of energetic dissipativity and therefore ensures that the human user retains primary control of the motion of the robotic system.
It is well established that the energy storage function for a dissipative dynamical system is a valid Lyapunov function candidate, and under certain assumptions that are met by the proposed controller, it can be used to prove stability [5] , [29] . In much the same way that the passivity of a subsystem within a two-port network can be used to demonstrate the stability of a complete system [30] , proving the dissipativity of a subsystem can prove overall stability [31] . This modular consideration of stability analysis is vital for physical human-robot interaction, because the dynamic properties of the human cannot be reliably modeled. Consequently, proving that the control strategy is dissipative is sufficient to ensure stability for the complete system under the assumptions that the robot force/torque controller is passive, and the human arm acts passively at the frequencies of interest for stability [32] . The disconnected approach means that the convergence of the controller cannot be quantified analytically; therefore, proof of this is demonstrated empirically in the following sections.
4) Concrete Implementations in Position and
If control is required on orientation, then elements of the displacement vector x k should be defined as the rotation vector linearization of the special orthogonal group of rotations, i.e., SO(1), SO(2), SO(3), etc. As explained in detail in [23] , using rotation vector representations of orientation ensures the correctness of the energy redirection.
Any required combination of position and orientation control can be achieved using the controller by simply concatenating their respective vector descriptions into one. For example, to control position and orientation within the special Euclidean group in three dimensions, SE(3), each of the components within the friction model should be defined in R 6 as
where x t,k ∈ R 3 is the translational displacement, and x r,k ∈ R 3 is the rotational displacement in SO(3), represented as a rotation vector.
III. EXPERIMENTAL VALIDATION
Two sets of experiments were performed to validate the proposed dissipative control. The first experiment was used for a statistically robust analysis of the abstracted properties of the controller. The second experiment was based on the application of the method to a practical task and investigated the controller's efficacy in a more complete scenario.
Both experiments were implemented in C++ using the Open Robot Control Software (OROCOS) [33] through Linux, with a 3.0-GHz Core i7 CPU (Intel, Corp.). The haptic device control rates were set at 1 kHz. The visualizations for all experiments were run on a separate PC, through Windows (Microsoft Corp.), with a 2.93-GHz Core i7 CPU (Intel, Corp.)/Quadro 4000 GPU (NVIDIA Corp.). To aid with users' depth perception in the simulated environments, the visualizations were presented to the users on a 3-D monitor using NVIDIA 3D Vision (NVIDIA Corp.). The communication between the control and visualiza- Fig. 4 . Visualization from the simulated steady-hand game. Shown is the deforming wire pathway, the user-controlled ring, and the active target position.
tion PCs was via the user datagram protocol (UDP) at approximately 40 Hz.
The controller proposed in this paper can be used to control the pose of a range of robots that are directly manipulated by a human user. To allow accurate quantification of task performance, a telemanipulation scenario was simulated, in which the user interacts with a master haptic device. Dissipative control was applied directly at the master device, and the slave robot was simulated to perfectly follow the master.
A. Steady-Hand Game
The proposed control scheme was initially validated with a simulation of the The Steady-Hand Game, as was used in the concept validation in [23] . In the steady-hand game, a user attempts to move a ring along a wire pathway, while preventing the wire and ring from making contact with one another. This game was selected for validating the controller because it requires precise and dexterous manipulation from the human user simultaneously in multiple degrees of freedom.
The steady-hand game simulation is shown in Fig. 4 . The user controlled the pose of the ring with a six degree of freedom, sigma.6+ haptic device (Force Dimension Inc.), which also rendered control forces/torques to the user. Dynamism was introduced into the task by randomly deforming the wire at approximately 12 mm.s −1 , the ring's inner diameter was 14 mm, and the wire pathway's diameter was 8 mm.
Six control methods were applied to assist the users. The methods are explained below, with the displacement representations described in terms of Cartesian translations t x , t y , t z and rotations r x , r y , r z . The redirection cone apex angle θ controls the friction direction when the robot moves orthogonal to the desired direction of motion. 1) NC no control, unassisted. For cases where fewer than six dimensions were controlled, the parameters for the uncontrolled dimensions were set to zero.
Method FC6 was the primary comparison state-of-the-art method, functionally similar to [17] , without energy redirection between dimensions. Unlike in [22] , no comparison was made with an energetically active controller because, with the high force and stiffness capabilities of the haptic device, negligible violation would occur in the simulated environment.
The desired direction of motion p k was computed as the vector from the current tool pose to the closest point on the pathway's centerline with the ring's axis tangent to the pathway. The parameters used in the controller are shown in Table I . These values were set based on the capabilities of the sigma.6+ and the section of its workspace in use. The Coulomb friction function F c used in (14) was set as
where H ∈ R 6×6 and T ∈ R 6×6 are diagonal matrices selecting the three head and tail elements, respectively, of a vector
After reading the instructions, and a period of familiarization, 20 users took part in the experiments. This consisted of 17 males/3 females and 18 right/2 left handed people, with an age range of 22-38. There was a total of 30 tests per subject with multiple randomized pathway geometries.
B. Soft Tissue Dissection
To investigate the efficacy of the controller in a more encompassing practical task, a simulation of robot-assisted clinical dissection, inspired by the da Vinci Surgical System, was used. The selected scenario was the dissection of a tubular tissue structure, such as a nerve or vessel, embedded within a larger mass of soft tissue, shown in Fig. 5(a) . A simulated environment was used in place of a physical teleoperated robot because it allowed a quantitative analysis of performance and simplified the anatomical tracking. It was posited that the surgeon wanted to avoid causing damage to the tubular structure by cutting or crushing it, and therefore, the controllers, within the framework of an active constraint/virtual fixture, were applied to prevent the scalpel from intersecting it. The complete system for the experiment is shown in Fig. 6 . Descriptions of the individual components follow.
1) Active Constraint Controller:
The implementation of the dissipative controller within the experiment was in the framework of an active constraint controller, as defined in [6] . In order for a desired direction of motion p k to be input, at each time step in the simulation, a target pose was computed for the scalpel blade which avoided penetrating the tubular structure. This target pose was defined with the use of a six-degree-of-freedom dynamic proxy, adapted from the constraint-based method in [34] . To identify potential contacts between the scalpel proxy (a single quadrilateral) and the tubular structure (a triangular mesh), a deformation invariant bounding sphere hierarchy [35] was used that efficiently evaluated proximity queries at well above the 1-kHz requirement.
The parameters used in the controller are shown in Table II and the Coulomb friction function F c was the same as that used in (29) .
2) Physical Soft Tissue Simulation: To simulate realistic soft tissue interactions between the surgical instruments and the soft tissue, a mechanical simulation was constructed using the Simulation Open Framework Architecture (SOFA) [36] . The tissue block and tubular structure were both modeled using custom tetrahedral meshes, and their deformations were solved using the large strain linear finite element method with an implicit conjugate-gradient based solver, all of which were available in SOFA. The simulation rate for each time step was approximately 20-200 Hz depending on the deformation of the models and the number of contacts.
3) Hardware Interface: A Phantom Omni haptic device (Sensable Technologies, Inc.) and a sigma.6+ haptic device were used as the master devices within the simulation system to control the forceps and scalpel, respectively. The alignment of the These are defined in the Cartesian space of the master device, and not the simulated environment after motion scaling. For cases where fewer than six dimensions were controlled, the parameters for the uncontrolled dimensions were set to zero.
haptic devices to the simulation is shown in Fig. 5 . For the dissection task, a motion scaling value of 5:1 was implemented in translation, based on the da Vinci surgical system. The active constraints were applied based on the Cartesian motion of the master device, and not the scaled motion of the simulated slave. It is possible to apply dissipative control at the slave side of an anisotropically scaled Cartesian space; however, this will be formalized in future work.
4) Three-Dimensional Visualization:
To display the simulation to the user, a 3-D visualization of the surgical scene was constructed using the Visualization ToolKit (VTK, Kitware, Inc.) and rendered at 40 Hz, as shown in Fig. 5(a) .
5) Experimental Procedure:
Several users performed repeated dissections of the tubular structure from the tissue block, while the dissipative controllers provided assistance to them. In each test, a user dissected the structure from the tissue block, in the area between the two blue marks, as shown in Fig. 7 . To prevent 'damaging' the tubular structure, the users were told to avoid cutting or crushing it with the scalpel.
In the experiments, three control methods were considered. These are listed below, and the details for these three conditions are the same as in Section III-A:
3) DC6 full 6-D dissipative control in translation and rotation. After instruction and training, ten test subjects took part in the experiments, all were right-handed nonsurgeons, aged between 21 and 32. This consisted of eight males and two females. Each subject performed the dissection twice using each of the control methods in a random order. Each trial, after training, lasted 5-6 min on average.
IV. RESULTS
A. Steady-Hand Game
The primary metrics used during the experiment were, the percentage of the pathway for which the ring was in contact, and the root-mean-square error (RMSE) from the optimal ring pose. The interaction power was also recorded as a secondary metric. Results for these metrics are shown in Tables III and IV , and the distributions are plotted in Figs. 8 and 9 .
One-way analysis of variance (ANOVA) tests were applied to the results for the primary metrics and they were all found to be significantly affected by the constraint method (p < 10 −6 ). Pairwise comparisons were subsequently made between each constraint method pairing using Tukey's honest significant difference (HSD) test for each metric at the 95% confidence interval. The full results from these pairwise comparisons are given in Table V .
B. Soft Tissue Dissection
Four primary metrics were used within the soft tissue dissection experiments to investigate the efficacy of the dissipative controller. These metrics were mean penetration depth of the scalpel into the tube, maximum penetration depth of the scalpel into the tube, mean penetration area of the scalpel within the tube, and displacement of the scalpel while within the tube. As Each value shows the mean and standard deviation from a total of 100 tests across 20 test subjects.
previously, the haptic power was recorded as a secondary metric so that the energetic properties of the constraint methods could be validated. The results for each of the metrics are summarized in Tables VI and VII , and the distributions are plotted in Fig. 10 . As each of the primary metrics was found to be nonnormally distributed by the one-sample Kolmogorov-Smirnov test, the nonparametric Kruskal-Wallis one-way ANOVA test was applied. All four of the primary metrics were found to be significantly affected by the assistance condition (p < 0.05). Pairwise comparisons were then made between the means of the three assistance condition pairings using the Dunn-Sidak multiple comparison test, for each primary metric, at the 95% confidence interval. Additionally, pairwise comparisons were made between the variances of the three assistance condition parings using the Brown-Forsythe test, for each primary metric, also at the 95% confidence interval. The results of the Dunn-Sidak and Brown-Forsythe pairwise comparisons are shown in Table VIII. V. DISCUSSION
A. Steady-Hand Game
The results for the experimental validation of the dissipative controller within the simulated steady-hand game show that it can be of significant benefit to tasks requiring simultaneous accurate movements in multiple dimensions. The only requirement placed upon the user was to keep the ring and pathway from making contact, and therefore, the contact percentage metric quantifies how able they were to do this with the different controllers assisting them.
The results for the no control case (NC) have a high error rate, showing that the task was sufficiently difficulty for robot assis- Each value shows the mean and standard deviation from a total of 100 tests across 20 test subjects.
tance to be a potential benefit. The contact percentage for the 3-D translational controller (DC3T) was significantly improved, notably with a reduction in translational RMSE, demonstrating that translation only dissipative assistance can be effective, even in tasks requiring rotational control. For the 3-D rotational controller (DC3R) no significant change from NC was found. As dissipative control relies on user energy input, in this case, the user was focusing on translation and did not rotate the device enough to generate assistance. In the tests where the controller was applied simultaneously, but independently, in translation and rotation (DC6U), the performance was slightly, but not significantly, improved from DC3T. The lack of energy coupling between translation and rotation in DC6U means that, as in DC3R, there is insufficient user energy in rotation to exert significant assistance. When dissipative control was applied without energy redirection (FC6), the performance was improved from the poorest performing cases, NC and DC3R; however, it was worse than the remaining controllers incorporating energy redirection. This result clearly substantiates the hypothesis presented here that energy redirection can improve the fidelity of the assistance offered to such a degree that it improves performance.
The full dissipative controller, which employed energy redirection between all six dimensions (DC6), resulted in the best user performance. When compared with the uncoupled dissipative controller DC6U, this result illustrates the importance of energy redirection between dimensions and those for the power transfer illustrate this further. It can be seen that in some cases, the mean rotational power was actually positive, indicating energetic activity in rotation that was redirected from translation. Each value shows the mean and standard deviation from a total of 20 tests across 10 test subjects. Note that, due to the circular cross section of the tubular structure, the maximum possible penetration was approximately 1 mm.
In all of the test conditions, the total power values shown in Fig. 9 show they are dissipative. The negative power values could potentially have implications for user fatigue. Although intended to be efficient, dissipative control inherently "takes" Each value shows the mean and standard deviation from a total of 20 tests across 10 test subjects.
more energy from the user than an active approach. The degree of fatigue will be formally quantified in future work; nevertheless, as the peak energy dissipation by the controller in all six degrees of freedom is 100 mW (equivalent to 2 N of force at 50 mm/s), and as no users reported physical fatiguing during the experiments, the effect is believed to be small. 
The symbol " * " identifies a constraint method pairing, and performance metric, with significantly different means. The symbol "•" identifies a constraint method pairing, and performance metric, with significantly different variances.
B. Soft Tissue Dissection
To quantify the effectiveness of the dissipative controller at preventing tissue damage in the dissection task, four metrics were used. The mean and maximum penetration depths identify how deep the user was cutting into the tubular structure during a dissection, the mean penetration area shows how much of the scalpel blade penetrates the tubular structure, and the contact displacement quantifies how far the user moves with the scalpel embedded in the tubular structure. All of these metrics quantify different modes by which the user could cause tissue damage.
Although the motion of the tubular structure was entirely controlled by the users themselves, visualizing the subsurface dissection planes and having the dexterity to follow their intended motion pathway were a challenge for all users, resulting in quantifiable errors with NC. When DC3T was used, the users' performance significantly improved so that most metrics recorded mean and median values near to zero. This shows that even a comparatively simple translational dissipative controller can generally prevent almost all tissue damage in the simulated dissection task. However, there were cases when the users were able to circumvent the DC3T control method, achieving relatively large penetrations or displacements into the tubular structure. These cases typify the primary limitation of a 3-D dissipative controller, which is that a penetration caused by rotation cannot be prevented unless the user is simultaneously translating the tool. The solution to this problem is to implement the full dissipative controller, DC6. In fact, in the experimental results, DC6 is shown to have the best mean performance across all tissue damage metrics.
The mean performance of DC6 was found to be significantly improved upon NC; however, as the means were so close to zero, it was not found to be significantly improved from DC3T. The Brown-Forsythe tests, however, prove that the variances for DC6 were significantly less than the variances for DC3T. This indicates that, by incorporating the coupled control of orientation, there will be fewer occurrences when the user can accidentally overcome the controller's assistance and damage the tissue, which in a clinical context would represent a significant improvement in itself. Although over 50% of trials had maximum penetrations less than 0.2 mm, the distributions show that some users were still sometimes able to achieve comparatively large maximum penetrations. It is likely that these large penetrations come from occurrences when the tissue was moved toward the motionless scalpel, where a dissipative controller is unable to respond due to the absence of user input. As expected, the total power results for both constraint methods were found to be negative in all cases.
VI. CONCLUSION
This paper has proposed a novel task-space impedance controller that generates unmatched levels of assistance and task performance during physical human-robot interaction, while remaining energetically dissipative. In the case of sensing errors in the robotic system, a conventional active controller can cause sudden, erratic, or even dangerous, movements in the robotic instruments. Conversely, a dissipative controller will ensure that the human user retains overall control of a task, while still receiving the benefits of robotic augmentation, a characteristic which is vitally important in delicate manipulation tasks, such as in robotic surgery.
The control formulation presented is based on the elastoplastic friction model, since friction is a naturally dissipative phenomenon. As friction can only apply forces in directions that oppose the direction of motion, friction-based dissipative controllers conventionally have limited range and fidelity of haptic information. In the controller described here, this problem is overcome with the use of a new technique called energy redirection. By implementing the elastoplastic friction model within a conical subset of the full n-dimensional space, energy redirection allows the controller to considerably increase performance by taking energy from the user in a dimension in which they are moving and then reintroduce it in another, where control forces are required.
Experimental validation in a 6-D path following task and a simulated surgical dissection demonstrated that the novel advancement of energy redirection was of significant benefit for task accuracy. Both sets of experimental results showed that the full control approach achieved an average 92% reduction in error and clearly verified that the method improves task performance by increasing control fidelity.
The formulation of the controller given in this paper is generalized so that it can be applied to a wide range of robotic applications and tasks. The method has been extensively validated in three and six dimensions; however, in the future, it could readily be applied to higher dimension systems, such as those including haptic controlled forceps.
APPENDIX
A system is dissipative if ∀t 1 ≥ 0 and ∀t 2 ≥ t 1 :
where u(t) and y(t) are the system inputs and outputs, respectively, at time t, s(·) is the rate of energy supplied into the system, V (·) is a continuous nonnegative storage function, and a(t) is the system's state variable [4] . The proposed controller conforms to this definition of dissipativity.
Proof: By substituting the interaction power for the supply rate s(·), the elastic presliding potential energy for the storage function V (·), and the elastic presliding displacement for the system state variable a(t) in (32), the above energy inequality subsequently becomes t 2 t 1 f (t) ·ẋ(t) dt ≥ P (z(t 2 )) − P (z(t 1 )) .
This equality can be proven by demonstrating that ∀t ≥ 0, the derivative of the supply rate is always greater than the derivative of the storage function:
Discretizing the inequality at time k and simplifying
where the force applied at a given time step is based on the elastic displacement at the previous time step:
The potential energy of the candidate elastic displacement can be included in the inequality:
or equivalently
where ΔP (·, ·) : R n × R n → R is the change in potential energy between two elastic presliding displacements, i.e., ΔP (a, b) = P (b) − P (a)
where a, b ∈ R n are arbitrary multidimensional elastic displacement vectors.
Under the assumption that z k −1 and Δx k are sufficiently small that the candidate elastic presliding displacement can be approximated linearly:
(39), therefore, becomes
Substituting in the definition for P (·) and canceling gives
Substituting (42) into the dissipativity criterion in (38) and canceling
where 1 2 Σ 0 Δx k · Δx k is the standard discretization error inherent in discrete simulations of elastic springs. This component is considered to be negligible given the assumption that the control frequency is sufficiently high in relation to the movement speed.
The dissipativity inequality subsequently becomes
As the computation of z k from z c in (26) is expressed in the potential energy space, it is necessary to define a functionP , which computes the potential energy stored in the system based on the potential energy mapped elastic presliding displacement, such thatP
The functionP is defined as follows and can be proven by expanding the elementwise dot products as P (a) =P (M (a)) =P (ã) = ã 2 =ã ·ã.
Proof that the proposed controller is dissipative, as defined in (45), is given in two parts. Initially, this is proven whenz k is computed fromz c using the first and second subfunctions of (26), i.e., whenz k = βz c , where 0 ≤ β ≤ 1.
Substituting this definition into (45) with the definition forP givesP
which conforms to the definition of β in (47).
Finally, the dissipativity inequality is proven for the third subfunction of (26) 
which conforms to the definition of γ in (50).
